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Abstract 



We give a new proof that for a finite group G, the category of rational G- 
equivariant spectra is Quillen equivalent to the product of the model categories 

■ of chain complexes of modules over the rational group ring of the Weyl group of 
, H in G , as H runs over the conjugacy classes of subgroups of G. Furthermore 

the Quillen equivalences of our proof are all symmetric monoidal. Thus we can 
understand categories of algebras or modules over a ring spectrum in terms of the 
algebraic model. 

> 

1 Introduction 

m 
p 

^SJ ■ A G-equivariant cohomology theory E* is said to be rational if E*(X) is a rational 

vector space for every G-space X . For G, a finite group, we want to describe the 
category of rational G-equivariant cohomology theories in terms of a simple algebraic 
model. In particular, we want to understand those cohomology theories with a multipli- 
cation and the modules over such a theory. To do so, we give a particular construction 
^ I of a model category of G -spectra whose homotopy category is (equivalent to) the cate- 

■ gory of rational G-equivariant cohomology theories. We show that this model category 
is symmetric monoidally Quillen equivalent to an explicit algebraic model: the product 
of the model categories of chain complexes of modules over the rational group ring of 
the Weyl group oi H in G, as H runs over the conjugacy classes of subgroups of G. 

Since our Quillen equivalences are symmetric monoidal, the category of ring spectra is 
Quillen equivalent to the category of monoids in the algebraic model. Let WgH be the 
Weyl group of in G , the quotient of the normaliser H in G hy H , then a monoid 
in the category of chain complexes of modules over the rational group ring of WqH , 
is a differential graded Q-algebra with an action (through algebra maps) of the group 
WgH . The category of modules over a ring spectrum will then be Quillen equivalent 
to modules over a monoid in the algebraic model. 

So, if one has a ring spectrum R that one wishes to study, one can look at its image R 
in the algebraic model and through the simplicity of the model, perhaps obtain a good 
description of this monoid. Here one can use the fact that the homology groups of R 
are isomorphic to the homotopy groups of R to maintain some control of the homology 
type of i?. In general, understanding the module category in the algebraic setting 
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will then be a lot simpler than in the topological setting. Conversely one can take a 
differential graded algebra with an action of the group WgH and this will correspond, 
via our Quillen equivalences, to a ring spectrum in the category of G-spectra. 

We briefly describe the work done previously in this area in order to introduce our 
result. The category of rational G-equivariant cohomology theories is equivalent to the 
product of the categories of graded modules over the rational group ring of the Weyl 
group of H in G , as H runs over the conjugacy classes of subgroups of G. see |GM95l 
Appendix A] or |May96 Chapter XIX, Section 5]. 



Let GMq be a model category of G-spectra where the weak equivalences are those 
maps that induce isomorphisms of rational homotopy groups. Then the category of 
rational G-equivariant cohomology theories is (equivalent to) the homotopy category of 
this model category. The homotopy category of the model category of chain complexes 
of modules over the rational group ring of WgH is isomorphic to the category of 
graded modules over the rational group ring of WgH . This follows since a rational 
chain complex is weakly equivalent to its homology, with the latter treated as a chain 
complex with all differentials zero. Thus, it is natural to ask if the algebraic model (the 
product of the model categories of chain complexes of modules over the rational group 
ring of WgH , as H runs over the conjugacy classes of subgroups of G) and GMq are 
Quillen equivalent. This was proven to be the case in [SS03b[ Example 5.1.2]. 

If one starts with a good model category of G-spectra, then one can ensure that GM.Q 
has a smash product. Similarly, the tensor product of rational chain complexes passes 
to a monoidal product on the algebraic model. In both cases, the monoidal product 
induces a product on the homotopy category. So one can ask if these model categories 
are Quillen equivalent via a series of adjunctions which preserve the monoidal structures 
on the homotopy categories. That is, is there a series of monoidal Quillen equivalences 
between GA4q and the algebraic model? We construct such a series in this paper and 
thus we can conclude (using [SSOO] ) that the various associated categories of algebras 
and modules in these categories are Quillen equivalent. Our main results are presented 
in section El 



2 Outline of the proof 

We begin by explaining |SS03b[ Example 5.1.2]: starting from a category of rational 
G-spectra one considers Gtop = {^°°G/ H+} , the set of suspension spectra of the orbit 
spaces G/Hj^ . This provides a set of generators for the homotopy category of rational 
G-spectra. By using the good properties of LqGM. we can construct Stop{(^i,cr2) , 
a symmetric spectrum of functions for each pair, (<ti,cj2), of objects of Qtop- This 
collection has a composition rule, £top{c2, o's) /\ £top{(^i, (^2) £top{(^i,cr3)- 

Thus we have created an enriched category which we call Stop , it has object set Qtop and 
the subscript top indicates that this category is of topological origin. We can consider 
the category of enriched contravariant functors from Stop to symmetric spectra. We 
call such a functor a right f'top -module and these functors and the enriched natural 
transformations form a category mod- Stop- If M is one of these enriched functors 
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then for each pair (cji , CJ2) in Qtop we have symmetric spectra M{ai) and M{a2) with 
an action map M{a2) A £top{o'i,(T2) M{ai). An enriched natural transformation 
f : M N is then a cohection of maps of symmetric spectra F{a): M(a) ]^{cr) 
compatible with the action maps. If each /(o") is a weak equivalence we say that / is a 
weak equivalence of modules and these weak equivalences are part of a model structure 
on mod- Stop 

This category of modules is referred to as the collection of 'topological Mackey functors' 
in [SS03bj . The categories LiqGM and mod- £^top are Quillen equivalent by |SS03bl 
Theorem 3.3.3]. Since G is finite and we are working rationally, the homotopy groups 
of f'top(ci, CT2) (that is, the set of graded maps in the homotopy category of symmetric 
spectra from S to ftopCo"!! 0'2) ) is concentrated in degree zero where it takes value 
i4(c7i,cr2), a Q-module. Hence ftap(ci, (J2) it is weakly equivalent to an Eilenberg- 
MacLane spectrum H j4((Ti, (T2) . 

From the collection of spectra H j4(cri, (T2) , we construct a category HA, which is 
enriched over symmetric spectra and one replaces mod- £top by the Quillen equivalent 
category mod- HA. The collection A{ai^a2) for cti,cj2 G Qtop can be thought of as 
defining category enriched over dt^Q-mod and thus we have a model category mod- -A. 
There is a zig-zag of Quillen equivalences between mod- HA and mod- A. Thus we 
have a zig-zag of Quillen equivalences between rational G-spectra and an algebraic 
category. 

The algebraic category mod- A is actually well-known. Consider the collection of 
abelian group-enriched functors from A to Q-mod, this is better known as the category 
of rational Mackey functors, hence mod- A is the category of differential graded rational 
Mackey functors. The homotopy category of mod- A is equivalent to the category 
of graded rational Mackey functors which, by |GM951 Appendix A], is equivalent to 
Y\.{H)<G ^'^ • '^^gH ~m.od. This classification does not consider monoidal structures 
since the zig-zag between mod- HA and mod- A passes through a category without 
a monoidal product. This proof relies upon the fact that the homotopy groups of 
^top(o"i,cr2) are concentrated in degree zero. 

We now turn to the method of this paper, in the next section we provide a diagram 
showing the Quillen equivalences that we use. We start by replacing Li^GM. by the 
Quillen equivalent category J^^j^^^^g, -mod (where each Sh is a commutative ring 
spectrum) so that we can work one factor at a time. The homotopy category of Sh -mod 
is generated by an = G/Hj^ A 5^ and for any two -modules we have a symmetric 
spectrum function object £^p{X,Y) . We define Qt^p to be all smash products of an 
including Sh as the zero-fold smash. Let £t^p be the symmetric spectrum-enriched cat- 
egory with object set Gf^p- The category 5i^-mod is Quillen equivalent to £t^p-mod. 

One can now apply an alteration of [ShiOTal Corollary 2.16] (included here as Propo- 
sition 16. ip to construct a category £^ from £^ . This new category will be enriched 
over rational chain complexes with its set of objects given by . The t indicates that 
we have come from the topological side but are now working in an algebraic setting. 
We can consider enriched functors from £l^ to rational chain complexes, this category 
will be denoted m.od-£P . 
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Now we begin our work from the other end, Ch.{QWGH -mod) is generated by the 
object QWgH , so we let be the set of all tensor products of QWgH (with Q 
as the zero-fold product). Analogously to the topological setting, the set is the 
object set for a category , which is enriched over rational chain complexes. We can 
then replace our algebraic model by the Quillen equivalent category mod- £^ . The a 
indicates we have come from the algebraic model. 

So far this process has been formal, now we use some specific information about and 
£^ to achieve a comparison between them. The comparison we will use is the notion 
of a quasi-isomorphism of categories enriched over rational chain complexes. Given two 
such categories C and V , an enriched functor F: C ^ V is a quasi-isomorphism if 
F induces an isomorphism on the classes of objects and each F((Ti,cj2): C{ai,a2) — > 
T>{Fai, Fa2) , is a homology isomorphism (F{ai, (72) is a map in the category of rational 
chain complexes). A quasi-isomorphism induces a Quillen equivalence between mod-C 
and mod- P. 

In our case we define an isomorphism F on the object sets be sending the i-fold 
product of QWgH to the i-fold product of G/H ASh ■ We then prove that the homol- 
ogy of £^ {Fai, Fa2) is concentrated in degree zero and is isomorphic to £^ {ai,a2) ■ 
Since we are enriched over rational chain complexes, it follows that and £^ are 
quasi-isomorphic and hence that there is a zig-zag of Quillen equivalences between 
mod-£^j^ and mod-£^ . Thus the category of rational G-spectra is Quillen equivalent 
to YI(^j^^^qC]i{QWgH -mod) . If we can prove that the quasi-isomorphisms between 
£t and £a respect the monoidal structure, then it will follow that the zig-zag between 
rational G-spectra and the algebraic model consists of monoidal Quillen equivalences. 

The difference between our method and that of [SS03b] is the ordering of the work. 
We split the category, move to Mackey functors (modules over a symmetric spectrum- 
enriched category), translate to algebra and then use the fact that has homology 
concentrated in degree zero. Whereas, [SS03b] goes to Mackey functors first, uses 
the fact that £top has homotopy concentrated in degree zero, moves to algebra and 
then splits the category. The category £l^ is constructed so that its homology groups 
are isomorphic to the homotopy groups of ^'^p, hence the two methods use the same 
information, just in different contexts. 

The result could have been proven without using the splitting theorem. The advantage 
to using this extra step is that S'/f-mod is generated by a single object, which makes 
£l^p and easier to work with. 

3 Organisation 

We describe the results of each section and display the Quillen equivalences that we 
use. Left adjoints will be placed on top, all adjunctions are symmetric (weak) monoidal 
and furthermore all left adjoints except L' are strong symmetric monoidal functors. 

In section |4l we examine our algebraic category and describe the Quillen equivalence 
between CIi^QWgH -mod) and mod- £"^5 a category of modules over an enriched 
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category. 

: mod-ff ^Ch(QWGi/-mod): Homfgf 

We then develop a category of rational spectra in section [5] and 'split' this category into 
a product J|(-^-j<-(^ 5/^ -mod so that it looks more like the algebraic category. We end 
this section by replacing Sh -mod by mod- S^^p , modules over a category enriched in 
symmetric spectra, this step requires a little work. 

A ^ 5hA(-) 



n (H)^G ^ iH)^G EomigH^,-) ^^^^^ 



Now we give the functors from section [6] (though we omit the identity adjunction of 
Lemma [6.2p . The functors below are adaptations of those in |Shi07a| and we define S^^ 
to be D(j)* NQSf^, a category enriched over rational chain complexes. 

mod- £,%^ mod- "^o^- cP*NQ£,%^ mod- D<p*NqS,% 

In section [7] we prove that the homology category of the enriched category is 
isomorphic to the category £^ . Let ^ : S/^ — > H^, S^^ be this isomorphism (Theorem 
EID and write (V^""^)* for the left adjoint to Tp* . Let i: CoS^^ and p: CqE^ 

8^ be the maps constructed in Corollary 17.61 Then we have Quillen equivalences 
as below. 

mod- £^ ' mod- Co^f ' mod- H, mod- £^ 

We put these results together to obtain the main result and consider categories of 
algebras and modules in section [HI 

We provide a list of the enriched categories that we use in this paper. The object 
set is the set of all tensor products of QWgH and Gt^p is the set of all smash 
products of {cG/Hj^) A Sh (in the category of S'/f -modules). For 5i^-modules X and 
F, Hom fX. Y) = SingU(rN#Fs^(X,y))^ as we will explain later. We define £^ to 
be Dcj)* NQS^^p. Note that a category enriched over gr.(Q-mod) can also be considered 
as enriched over Ch(Q -mod) . 
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Name 


Enrichment 


Object Set 


Morphism Object 




un((lJ-moaj 


nH 


XJ„™ f„ U\Wr'H 

MomQ)(a, b) ^ 


cH 


o s 
Sp 


ytop 


Hom(A, Y ] 




op (sdj-modj 


nH 

ytop 


ij) Homl A, Y ) 


J,* ATir\\ cH 
9 J^^Ut-top 


Dp (lvn((!j)— moaj+ j 


pH 

ytop 


I\ \}) riOTa[ Ji , Y ) 




Ch(Q-mod) 


ytop 


D(I)*NQ Hom(X,y) 


^*'^top 


gr.(Q-mod) 


ytop 


TT* HomfXy) 




gr.(Q-mod) 


ytop 




^*St!)p 


gr.(Q-mod) 


ytop 


HomQ(7rf(X),7rf(y))^«^ 




Ch(Q-mod) 


G" 

ytop 






gr.(Q-mod) 


G" 

ytop 
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4 The Algebraic Category 

We study the algebraic model in detail and the main result of this section is Theorem 
14. 9[ In a very rough sense, this results puts the information of the algebraic model 
into a standard form, suitable for later comparisions. We also use this section as an 
introduction to the methods of this paper. 

For a ring R, let Ch(i2-mod) be the category of chain complexes of left i? -modules 
and let gr.(i2-mod) be the category of graded left i?-modules. The category of chain 
complexes of /^-modules has a model structure (some times called the projective model 
structure) where a map of chain complexes is a weak equivalence if it is a homology 
isomorphism and a fibration if it is a surjection. The cofibrations are level-wise split 
monomorphisms with cofibrant cokernel. For each n G Z , let S^R be the chain complex 
concentrated in degree n, where it takes value R. Let D^R be the chain complex with 
R in degrees n and n — 1 and zeroes elsewhere, with the identity as the differential from 
degree n to n — 1. The projective model structure is cofibrantly generated with gen- 
erating cofibrations the inclusions S"'~^R D'^R and generating acyclic cofibrations 
the maps D'^R. See |Hov99t Section 2.3] for more details. 

For a finite group G, let QG be the rational group ring of G. This is a Hopf-algebra 
with co-commutative coproduct A : QG QG ® QG induced hy g ^ g ® g. For 
QG-chain complexes X and Y we have X i^q Y , the tensor product of X and Y 
considered as objects of Ch(Q -mod) . For n ^ T,^ {X (8)q y)„ = ©j_|_j=„Xj (^q Yj 
and we define a G-action hy g • [x ® y) = [^g ■ x) ® {g ■ y) . Hence X (8)(q Y is an 
object of Ch(QG-mod). That this product is associative and commutative follows 
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from the corresponding properties for the tensor product of Ch(Q-mod) and the co- 
commutative Hopf-algebra structure on QG . The unit of this product is S^Q equipped 
with with trivial G-action. Furthermore there is an internal homomorphism object, 
defined by HomQ(X, y)„ = HomQ(Xfc, , with G-action by conjugation and 

we have a natural isomorphism 

Ch(QG-mod)(X (^qY,Z) ^ Ch(QG-mod)(X, HomQ(y, Z)). 

Definition 4.1 For any X € Ch(QG-mod), there is natural map of chain complexes 
AvG- X X^ defined by Avg{x) = \G\^^Tig^Ggx ■ 

For a chain complex of Q-modules X , let s*{X) denote X with the trivial action, 
an object of Ch(QG-mod). This functor is the left adjoint of a strong symmetric 
monoidal adjoint pair (this terminology is defined later in this section) 

e*: Ch(Q-mod)?=iCh(QG-mod): (-)^ 

the right adjoint is the fixed point functor. We show that this is a Quillen pair by 
proving that the right adjoint preserves fibrations and weak equivalences. Take / : X — > 
Y a surjection and let y € Y'-' , then there is an x such that f{x) = y. Let Avg{x) = 
{Gl-'^T.g^Ggx , then since Avg{x) G X'^ and f{AvGix)) = AvG{f{x)) = Avg^v) = V, 
it follows that is surjective. That (— preserves weak equivalences is immediate: 
as we are working rationally. This implies that Q = e*(Q) is 
cofibrant as an object of Ch(QG-mod). 

Definition 4.2 Let C be a cofihrantly generated model category, with a symmetric 
monoidal product (g), internal function object Homc(— , — ) and unit I . Then C satisfies 
the pushout product axiom if the following three conditions hold (see JSSO(j{ Lemma 
3.5(1)]), in which case C is called a monoidal model category. 

1. If f : A ^ B and g: C ^ D are generating cofibrations then the pushout product, 
f^g : B C Wa^g a® D B ® D , is a cofibration. 

2. If f is a generating cofibration and g is a generating acyclic cofibration then f(}g 
is a weak equivalence. 

3. If X is a cofibrant object then for any cofibrant replacement of the unit cl ^ I 
the induced map X 0cl ^ X ® I is a weak equivalence. 

Let Z be any object of C and let Pz be the set of maps of the form Idz 0/ where 
f is a generating acyclic cofibration. The class Pz-cell ( JHovOSi Definition 2.1.9]) is 
the collection of all maps formed by transfinite compositions of pushouts of maps of 
Pz ■ The model category C satisfies the monoid axiom if for any object Z the class 
Pz-cell consists of weak equivalences (see ]SS0O[ Lemma 3.5(2)]). 

The pushout product axiom ensures that the monoidal product of a model category 
C induces a monoidal product on the homotopy category of C. The monoid axiom 
(roughly speaking) ensures that there are model structures on the categories of R- 
algebras and i?-modules, for R a commutative monoid in C . 
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Proposition 4.3 The tensor product and homomorphism object defined above gives 
the projective model structure on Ch(QG-mod) the structure of a closed symmetric 
monoidal model category that satisfies the monoid axiom. 

Proof Let / and g be generating cofibrations, then f(}g is an inclusion and the 
cokernel is Q(G x G) (in some degree). This cokernel is cofibrant: it is isomorphic (as 
a QG-module) to ©^g^QG. For a generating cofibration / and a generating acychc 
cofibration g, f(}g is a weak equivalence since both the domain and codomain are 
acyclic. Since the unit Q is cofibrant the last condition of the pushout product axiom 
holds automatically. 

The projective model structure on Ch(Q-mod) satisfies the monoid axiom, this is 
proven for a general ring in [ShiOTal Proposition 3.1]. In fact this proof also suffices to 
show that Ch(QG-mod) satisfies the monoid axiom, we copy that proof with notation 
adjusted to our setting. 

The generating acyclic cofibrations for Ch(QG-mod) are the maps D^{QG), for 
n an integer. Take any Z G Ch(QG-mod), then it is easy to check that Z(8)q-D"(QG) 
is also acyclic. Then we note that ^ Z 0q D"'{QG) is an injection and a homology 
isomorphism. Such maps are closed under pushouts and transfinite compositions - they 
are acyclic cofibrations in the injective model structure ( |Hov99t Theorem 2.3.13]) on 
chain complexes of QG-modules. Hence the monoid axiom holds for Ch(QG-mod). ■ 

The homotopy category of a pointed model category C supports a suspension functor 
S with a right adjoint loop functor Q, see [Hov99l Section 6.1]. If these are inverse 
equivalences then C is called a stable model category. All of the model categories 
that we use in this paper are stable model categories. An object X of C is said to 
be compact if for any family of objects {lijjg/, the canonical map (Bi^i[X,Yi\'^ 
[X, Yi]'^ , is an isomorphism. A stable model category C is said to be generated 
by a set of objects ^ if the smallest full triangulated subcategory of HoC (with shift 
and triangles induced from HoC), that is closed under coproducts, is HoC itself. By 
[SS03bl Lemma 2.2.1], if the set ^ consists of compact objects, then this statement 
is equivalent to the following: an object X is trivial in the homotopy category if and 
only if [P, X]'^ (graded maps in the homotopy category) is zero for each P ^ 3^ . 

Lemma 4.4 The model category Ch(QG-mod) is generated by the compact object 
QG. 

Proof Let X € Ch(QG-mod) , then [QG, X]^^ ^ [Q, Xf ^ H,{X) . m 

We now take the time to introduce the terminology of right modules over an enriched 
category and the notion of monoidal Quillen equivalences. We will use this machinery 
in several different settings and it provides the framework for our method of proof. 
Later we will use other model categories in place of Ch(Q-mod) . 

Definition 4.5 A Cli(Q -mod) -category is a category enriched over Ch(Q-mod) 
(see IKeW5[ Section 1.5]). A right module over a Ch.[Q -mod) -category £ is a con- 
travariant enriched functor M : — > Ch(Q -mod) , the category of such functors and 
enriched natural transformations is denoted by mod- £ . The free module on an object 
a of £ is Fa = HomQ(— , a) . 
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Let M be a right i5-module, then for each object a of £ there is an object M(a) G 
Ch(Q-mod) . For a pair of objects a,b & £ we have a map in Ch(Q--mod) 

Ma,b- £ia,b) ^ HomQ(M(6),M(a)) 

a more useful version is given in terms of the adjoint to Ma^b , the 'action map' M{b) f^Q 
£{a, b) — > M(a) . An enriched natural transformation / : M ^ is a collection of maps 
/(a) : M(a) N(a) compatible with these action maps. We can also form the category 
H*f , this has the same object set as £ and is enriched over graded Q-modules, with 
morphism objects defined by (H,,, £){a, b) = H*(<S(a, 6)) . 

The category of right modules over £ has a model structure with weak equivalences 
and fibrations defined object-wise in Ch(Q-mod), see |SS03bl Subsection 3.3]. The 
collection of free modules is a generating set and these are cofibrant since the unit of 
Ch(Q-mod) is. The generating (acyclic) cofibrations of mod-f" have form A^tQidpa 
B(^QldF^ (the object-wise tensor product) for A ^ B a generating (acyclic) cofibration 
of Ch(Q -mod) . 



Following [Day 70 Page 2] we define a symmetric monoidal emiched category as 



an enriched category £ , with an enriched functor ®: £ x£ £ satisfying associativity, 
unitary and symmetry conditions. Such a category has a 'unit object' which we denote 
by I. Thus for any two objects o and 6 of £^ we have an object a ® b in £ and for 
each quadruple (a, 6, c, d) of objects of £ we have a map 

£{a, c) £{b, d) £{a 0b,c® d) 

which is compatible with the composition of £ . The associativity, unitary and symme- 
try conditions imply that for any quadruple (a, b, c, d) we have isomorphisms as below, 
which are compatible with the composition of £ . 

£{{a 0b)(g)c,d) = £{a 0{b(g) c), d) £{d, {a (g) b) ® c) = £{d,a ® {b ® c)) 
£{a(g I,d) ^ £(a,d) £{d,a (g I) ^ £{d,a) 
£{a ®b,d) = £{b ® a, d) £{d, a (g) 6) ^ £{d, b ® a) 

By assuming that £" is a symmetric monoidal enriched category (and that the collection 
of objects of £ forms a set) we can put a symmetric monoidal structure on mod-£ 
with unit the free module on /: £{—,I). The formula used is quite complicated, 
but it occurs often when constructing monoidal products. The right-hand-side of the 
definition will be a coend, a particular form of a colimit and we give some details after 
the definition. Let M and N be two objects of mod-£^ then their box product, 
Mn\N , is defined by the formula below. 

/b.c 
M{b) N{c) f (a, b®c) 

If F: X C ^ Ch(Q-mod) is a Ch(Q -mod) -enriched functor, where the objects of 
C form a set, then 

/ F{a, a) = coeq ]J F{b, c) (g)Q C{c, b)=^ ]J F{d, d) 
\b,cec dec 
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The two maps are given by C{c,b) acting on either the first or second variable of F. 
We note that if G is a right module over C then G{a) ®q C{b, a) = G{b) and if we 
have a functor 

H: C°P xC°P xC xC ^ Ch(Q-mod) 

then there is a canonical isomorphism J"" H{a, b, a, b) = J"" H{a, b, a, b) , hence we 
allow ourselves to write J'^''' H{a, b, a, b) for either of these. The use of the functor 
®: £ X 8 ^ £ \s hidden in the definition of □, but becomes clear when M\^N is 
written in terms of a coequaliser of coproducts. For more information on enriched 
categories and coends see |Mac71] or [Bor94| . 

The pushout product axiom and monoid axiom for Ch(Q-mod) imply that they also 
hold for mod-f . This routine statement is proven in |Bar08t Theroem 5.3.9], which 
also implies that the pushout product and monoid axioms hold in all the categories of 
right modules that we will encounter. 

As well as enrichments we can also consider tensorings and cotensorings over the cat- 
egory Ch(Q-mod). That is, C is tensored over Ch(Q-mod) if it is equipped with a 
functor 

- ® - : Ch(Q-mod) xC^C, 

unit isomorphisms Q a = a and associativity isomorphisms (M ®q N) ® a = M ® 
{N (8i a). Similarly C is cotensored over Ch(Q-mod) if there is a functor 

Hom(-, -) : Ch(Q-mod)°P xC^C 

also satisfying unital and associativity conditions. Often a category C will be enriched, 
tensored and cotensored over Ch(Q-mod) all at once, whereupon for a chain complex 
M and objects a and 6 of C we require isomorphisms of chain complexes as below that 
make all the various unital and associativity conditions compatible. 

HomQ(M,C(a,6)) ^C{M^a,b) ^ C(a, Hom(M, 6)) 

One important consequence of having all three of these structures linked by isomor- 
phisms as above is that this ensures that tensor operation preserves colimits in both 
variables (similar statements then hold for the cotensor and enrichment). 

Let C be a model category which is enriched, tensored and cotensored over the category 
Ch(Q-mod) , with isomorphisms relating the three structures as above. Then C is said 
to be a Ch(Q -mod) -model category ( |Hov99t Definition 4.2.18]) if whenever / is a 
cofibration of C and 5 is a cofibration of Ch(Q -mod) , then /<05 (the notation (} is 
from Definition 14. 2[) is a cofibration of C that is acyclic if one of / or g is. 

By definition a Ch(Q -mod) -model category is a Ch(Q -mod) -category. Note that 
Ch(QG-mod) is a Ch(Q -mod) -model category with tensor, cotensor and enrichment 
defined via the adjunction (e*,(— )'^). So for a Q-chain complex M and QG-chain 
complexes X and Y , the tensor product is given by M <^ X = e*{M) (8>q X , the 
cotensor by ilom.Q{e*{M), X) and the enrichment by liomQ{X,Y)'^ . 

For H a subgroup of G, let NqH be the normaliser of H : the largest subgroup of G 
which contains H as a normal subgroup, we then define WqH = NqH/H , the Weyl 



10 



group H in G. We write QWgH -mod for the category of Q-modules with a left 
action of WqH . 

Definition 4.6 Let Qa^c = {Q,QG,Q{GxG),Q{GxGxG), . . .} and define £a,G to be 
the Ch.{<Q -mod) -category with object set Ga,G ond Cli{Q -mod) -mapping object given 
by £a,GiX,Y) = HomQ(X,y)'^. Now we define Q^^ = Ga^WcH and £^(. = Ea^WoH ■ 
We will usually suppress the G and reduce this notation to and £^ . 

Since the enrichment of Ch(QWG'ff -mod) over Ch(Q -mod) is defined in terms of the 
strong symmetric monoidal adjunction (e*, (— )'^) , the result below follows by a routine 
argument. 

Lemma 4.7 The category £^ is a symmetric monoidal Ch(Q -mod) -caterer?/. 

By |SS03b[ Theorem 3.9.3], the model categories C}i{^^WgH -mod) and mod-f"^ are 
Quillen equivalent, we describe the Quillen adjoint pair of this result. The proof 
that these are an equivalence is based on showing that the unit and counit of the 
derived adjunction are isomorphisms on the generators (the elements of and the 
free modules). Let X be an object of Ch(QWc'i7-mod) , then consider the functor 
HomQ(— , X)^'^^ : £^ — > Ch(Q-mod). This functor is enriched over Ch(Q-mod) and 
thus we have defined an object of mod- £^ . Now let 

Hom fg5. -) : Ch{QWGH~mod) mod-£^ 

be that functor which sends an object X to the object ilomQ{—,X)^^^. This functor 
has a left adjoint, (— ) (gi^ff Ga ^ defined in terms of a coend. Let M G mod-£^ , then 

/a 
M{a)®a. 

Now we show that the Quillen equivalence between mod-£^ and C\i{^WgH -mod) 
respects the monoidal structures. We first need some terminology. 

Definition 4.8 Let L: C< — '-C' : R be an adjunction between two monoidal categories 
(C,®,/) and {C ,<^' , L') . Then {L,R) is a strong monoidal adjunction if the left 
adjoint is strong monoidal: so LA (g)' LB = L{A ® B) , the units are related by an 
isomorphism LL = L' and L satisfies the associativity and unital coherence conditions 
of JHov9S\ Definition 4-i-2]. Let {L,R) be an adjunction of monoidal model categories 
such that there is a natural map RX (g) RY — > R{X ®' Y) and a specified map L RL' 
which satisfy the associativity and unit conditions of \Bor94\ Diagrams 6.27 and 6.28]. 
This implies that the left adjoint has a natural map m: L(A ^ B) ^ LA ^' LB and a 
map LL I' . We say that such an adjunction, {L,R), is a monoidal Quillen pair 
(also known as lax monoidal or weak monoidal) if whenever A and B are cofibrant the 
map m is a weak equivalence and if for any cofibrant replacement cL ^ L the composite 
L{cL) LL L' is a weak equivalence. 

If {L,R) is a Quillen pair between monoidal model categories, such that L is strong 
monoidal and the unit of the domain of L is cofibrant, then (L, R) is a monoidal 



11 



Quillen pair. The conditions of a weak monoidal Quillen pair ensure that on homotopy 
categories the derived adjunction is strong monoidal. In general a monoidal Quillen 
equivalence between monoidal model categories satisfying the monoid axiom induces 
a Quillen equivalence on the categories of algebras and modules, see |SS03al Theorem 
3.12]. 

The adjoint pair ((— ) , Hom iQ^ , — )), is a strong symmetric monoidal Quillen 

adjunction, we prove part of this below, see also \GS\ Proposition 3.6]. Let M and 
be <5i^ -modules, then 



(MnN) = r f {M{a) N{b) £{g) {g, a(E)b))(g)g 



M{a) f» N{b) r Said: a®b)®g 



a,b 

M{a) (g) N(b) (g){a(g)b) 

a,b 

(M(a) (g)a) {N{b)(S)b) 
{M{a)^a)(g) [ (iV(6)0 6) 



rb 

M{a) ®a\®[ I N{b) ® b 



M ®£H Qa ®N Ga- 



We summarise the above work in the following result which gathers all of the informa- 
tion of the category Ch(QWG'i7-mod) into a category of modules over a Ch(Q-mod)- 
enriched category. 

Theorem 4.9 There is a strong symmetric monoidal Quillen equivalence of symmetric 
monoidal model categories that satisfy the monoid axiom: 

{-)®eHQa- mod-ff ^=^Ch(QWGi/-mod): Homfgf 

We now wish to repeat this operation for the model category of G-spectra and encode 
all of its information into a Ch(Q -mod) -category, this is a much more complicated 
task. Once we have achieved this, we can compare this enriched category to £^ . 



5 Rational G-Spectra and Splitting 

We introduce a category of rational G-spectra and use idempotents of the rational 
Burnside ring in Corollarv 15.71 to split this category into a product of model categories, 
each generated by a single object, indexed over the conjugacy classes of subgroups of 
G. 
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We also provide a version of this splitting in terms of modules over a ring spectrum 
(Proposition IS.lip . We end this section with Theorem 15.141 which performs the ana- 
logue of Theorem l4.9l for Sh -mod . We need to use the category Sh -mod in this result 
for technical reasons, as we explain in Remark 15.151 We take our time in introducing 
Sff -mod as we need to understand the weak equivalences and generators of these split 
pieces and it is easier to do so first, then move to modules over ring spectra. 

The category of G-equivariant EKMM S'-modules, GM , is defined in |MM02l Chapter 
IV], we refer to the objects of this category as S'-modules or G-spectra or just spectra. 
Let H he a subgroup of G and n ^ 0, then for an S-module X , we have the homotopy 
groups 7r^(X) = 7r„(X(0)^) and 7r^^{X) = 7r„(X(R")^). A map f : X ^ Y is called 
a vr,, -isomorphism if T^nif) isomorphism for all integers n and subgroups H of 

G. See jMM021 Chapter IV, Theorem 2.9] for the following result. 

Theorem 5.1 For G a compact Lie group, there is a cofibrantly generated, proper, 
closed symmetric monoidal model structure on GA4 with weak equivalences the vr* - 
isomorphisms. Every object of this category is fibrant. 

Let E he a G-spectrum and let X be a G-space, then we have a graded abelian 
group [Ti°°X,E]'^ . This is the set of graded maps from the suspension spectrum of 
X to in the homotopy category of G-spectra. We can think of this as a functor 
E* from the homotopy category of G-spaces to the category of graded abelian groups. 
The isomorphism classes of such functors as E varies is the category of G-equivariant 
cohomology theories. One could equally well give a direct definition of a G-cohomology 
theory ( |May96l Chapter XIII, Definition 1.1]) and then prove that the category of such 
objects is equivalent to the homotopy category of G-equivariant spectra. If E*{X) is a 
Q-module for every space X, then we say that E* is a rational G-cohomology theory. 
A map / is called a rational vr^, -isomorphism (also called a rational equivalence 
or a TT? -isomorphism) if vr^(/)(8>Q is an isomorphism for all integers n and subgroups 
H oi G . We now give a result that summarises [Bar08|. Section 2.2]. The homotopy 
category of the following model category is the category of rational G-equivariant 
cohomology theories. 

Theorem 5.2 There is a cofibrantly generated, proper, closed symmetric monoidal 
model structure on the category of G-equivariant S -modules with weak equivalences the 
vr? -isomorphisms, we denote this model structure by GAA.^ . Maps in the homotopy 
category of GA4q will be written [X, y]^ and these sets are always rational vector 
spaces. The fibrant objects are precisely those spectra with rational homotopy groups. 

Recall [MM02t Chapter IV, Theorem 6.3] which states that for a cofibrant spectrum 
E G GAi , there is an iiJ-model structure on the category of G-equivariant S'- 
modules with the same cofibrations as before and weak equivalences those maps / 
such that / A Id^; is a vr* -isomorphism. This model structure is called the Bousfield 
localisation of GA4 at E and is written LeGA4, the fibrant objects of this category 
are precisely the £' -local objects. Note that in terms of model categories LeafGM. = 
LeLfGM. = LfLeGM , that is, the weak equivalences, cofibrations and fibrations are 
the same. 
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We construct GA4q by localising at Sj^Q, a 'rational sphere spectrum'. This is a 
cofibrant spectrum such that the 5"^ Q -equivalences are the tt? -isomorphisms. This 

spectrum is constructed as follows, using c to denote cofibrant replacement. Take 

/ 

— > ©jZ ©jZ ^ Q ^ 0, a free resolution of Q as a Z-module. Choose a map 
g: Vj c5 ^ VjcS such that 7T^{g) is given by / (g) Id : ©j Z (g) A{G) ©^Z A{G) . 
The spectrum Sj^Q is then defined to be the cofibre of g. With these definitions we 
can now give |Bar08t Theorem 3.2.4], which we will use to split the category of rational 
G -spectra into more manageable pieces. 

Theorem 5.3 Let {Ei}i(zj be a finite collection of cofibrant orthogonal G -spectra or 
G -spaces. IfEiAEj is rationally acyclic for i ^ j and y^^^jEi is rationally equivalent 
to S , then we have a strong symmetric monoidal Quillen equivalence 

A: GMq^YILe^GMq: J]. 

The left adjoint takes a G -spectrum X to the constant collection of X in each factor. 
The right adjoint takes the collection {lijjg/ to the G -spectrum Hie/ ^« • 

An important step in the proof of this theorem is showing that if X is ii^j -local then 
Ej /\ X ^ * is a rational equivalence whenever i ^ j . We will need this later and in 
fact this result can be deduced from the above theorem. 

Take X an -local G-spectrum, then the collection {Xjjjg/ defined hy Xi = X and 
Xj = * whenever i 7^ j, is a fibrant object of Jlie/ -^s^GA^q . Since A preserves all 
weak equivalences and (A, J|) is a Quillen equivalence, it follows that the counit is a 
weak equivalence. Hence X is -equivalent to * whenever i^ j. 

The Burnside ring of G, A{G) , is the Grothendieck ring of finite G-sets and is isomor- 
phic to [S, 5"]^ . Since G is finite, tom-Dieck's isomorphism (see [LMSM86j Chapter 
V, Lemma 2.10]) specifies an isomorphism A{G) (g) Q = n(/i')^G''2- Thus, for each 
conjugacy class of subgroups, [H) ^ G, there is an idempotent ch € ^(G) (g Q given 
by projection onto factor {H) . Let /q denote fibrant replacement in GjMq, then 
A{G) © Q = [/q5, f^S]'^ . Given an idempotent e in the rational Burnside ring we 
write eS for the homotopy colimit (telescope) of S — > /q5 f^S ^ . . . , for some 
representative / of e. Using the diagram X — > X A /qS' '^^^ X A /qS* ^"^-^H ... we 
construct eX for any spectrum X . The map X ^ X t\ fqS is a vr? -isomorphism. 
Hence e (or rather Idx A/) induces a self-map of tt^ {X) © Q, we write this map as 
i|^(e)*. Homotopy groups and idempotents commute in the sense that the canonical 
map tJ^(e)*7r;^(X) © Q — > ir^ (eX) © Q is an isomorphism. 

Definition 5.4 For a group G, with subgroups H and K , we say that K is sub- 
conjugate to H if the G -conjugacy class of K contains a subgroup of H , we write 
K H . In turn K is strictly subconjugate to H if the G -conjugacy class of K 
contains a strict subgroup of H , the notation for this is K <g H . 

Definition 5.5 A set of subgroups of G is called a family if it is closed under con- 
jugation and taking subgroups. For each family T there is a G-CW complex EJ^ 
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which satisfies the universal property: is contractible for H ^ and is empty 

otherwise. The cofibre of the projection map E!Fj^ — > is denoted by E!F . 

Take H a subgroup of G, then we have a pair of famihes of subgroups of G : [^g H] - 
the family of all subgroups of G which are subconjugate to H and [<g H] - the family 
of all subgroups of G which are strictly subconjugate to H . We can then form G-CW 
complexes i?[^G and E[<g H]j^. There is a map E[<c E[^g H]j^, we 

call the cofibre of this map E{H) . 

Note that since E\<g H]j^ and -Ef^c are cofibrant as G-spaces, the space E{H) is 
also cofibrant as a G-space. We can also describe E{H) as -Ef^c H]^AE[<g H] . Since 
geometric fixed point functors preserve cofibre sequences, the spectrum {Ti°°E{H)) 
is contractible unless {K) = (H) , whence it is non-equivariantly rationally equivalent 
to S . The following is a standard result proven by looking at geometric fixed points 
(see |Bar08l Lemma 3.4.11]). 

Lemma 5.6 Let e^^^^j^ = T^^j^^^^eK and ey^^^j^^ = T^^^^^^^ex ■ Then there are zig- 
zags of rational -k^, -isomorphisms between E[^g H]j^ and ej^^/^jS and similarly so for 
E[<G and ey^^^fjT^S . Furthermore E{H) is rationally equivalent to chS . 

From this it follows that a map f : X ^ Y in GA^q is a rational -equivalence 
if and only if euf'- enX — > enY is a rational equivalence. We can now apply the 
splitting theorem using the set of objects E{H) as H runs over a set of representatives 
for the conjugacy classes of subgroups of G. Since E{H) is rationally equivalent to 
enS it follows that \J ^^^-^^q E {H) is rationally equivalent to S and E{H) A E{K) is 
rationally acyclic whenever H and K are not conjugate. 

Corollary 5.7 There is a strong symmetric monoidal Quillen equivalence between the 
category of rational G -spectra and the product of the categories L^i^h-^GMq, as H 
runs over the set of conjugacy classes of subgroups of G . 

A: GMq^ n LE^n)GMQ: J] 

Lemma 5.8 There is an equality of model structures: 

Le{h)GMq = Le(h)Le[:^gH]+GMq 

that is to say, the weak equivalences, cofibrations and fibrations agree. 

Proof The cofibrations of these two model structures agree by definition. The map 
E[-^G ^^^] ^ * is a rational E{H) equivalence. Hence, considering the cofibre sequence 
which defines i?[^G H] we have a rational equivalence -E[^g H]^ AE{H) E{H). It 
follows that a rational E[^g ^]+ ^ E (H) -equivalence is a rational £^(i7) -equivalence. 
So the weak equivalences of LE(^ij\^GJ^q and Le{h)Le[^gH]+GM.q agree. ■ 

By [MM021 IV, Proposition 6.7], the weak equivalences of Le[<^qH]+GM.q are those 
maps / such that vr;f (/) Q is an isomorphism for all K H . 
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Lemma 5.9 A map f in L^i^j^'^GMq is a weak equivalence if and only if the induced 
map of homotopy groups i*ij{eH)*T^^ {f) ® Q is a isomorphism. Hence G/H^ is a 
compact generator for Le{h)GM.q. 

Proof Lemma [5. 8 1 shows that / is a weak equivalence if and only if t|^(eiy)*7r^(/) ® Q 
is an isomorphism for all K H . For any G-spectrum X , the set tt^{X) (8) Q is a 
module over A{K) (S) Q. The rational Burnside ring of G acts on tt^{X) (Si Q via the 
restriction map : A{G) (8> Q — > A{K) (g) Q induced from the inclusion l . K ^ G. 
Now note that if IT is a strict subgroup of H then t^^ien) = 0, hence for any map /, 
i|^(e_ff)*7rf (/) S> Q will be an isomorphism. This proves the first statement. 

For any G-spectrum X, eHT^^{X) (g) Q is isomorphic to tt^ {fuX) , where fuX is 
the fibrant replacement of X in Le{h)GM.q, hence fnX is Sj^Q A E (H) -local. In 

turn, tt^UhX) ^ [G/H+JhX]^ which is isomorphic to ([G/F+, , the set of 

graded maps in the homotopy category of Le{h)GM.q. We have already shown that 
X is trivial in }iio L^i^u^GM.^ if and only if euT^^iX) Q = 0. Now we know that 

G\H 

X is trivial in Ho L^^ji^^GA^q if and only if {[G / Hj^, X]^ = 0, hence G/ff+ is a 
generator, it is compact since G/H+ is a compact space. ■ 

Our next task is to obtain a version of Le{h)GM.q with every object fibrant (see 
Remark I5.15|) . 

Lemma 5.10 There is an Sj^Q A E {H) -local commutative S -algebra Sh whose unit 
map is a rational E{H) -equivalence. Furthermore every Sh -module is Sj^QAE{H)- 
local. 

Proof This result is an apphcation of |EKMM97^ Chapter VIII, Theorem 2.2] which 
is easily adapted to an equivariant setting. We use the cell object S%^Q A E{H) to 
create a commutative cell S-algebra Sh which is the Sj^Q A -localisation of 

S. By construction, the unit map S Sh is a rational -©(i?) -equivalence, hence 
S%QAE{H) is vr* -isomorphic to Sh A S%^Q A E{H) . Since Sh is S^Q-local, it has 
rational homotopy groups, thus there is a zig-zag of weak equivalences S^Q A Sh <— 
cS A Sh Sh- Equally Sh is weakly equivalent to Sh A V(x) ^i-^)- Since Sh is 
E{H) -local, Sh A E{K) is acyclic whenever {H) ^ {K) (as noted above, this is part 
of the proof of Theorem 15. 3p . It follows that Sh A \J (^k) ^{^) is weakly equivalent to 
Sh a E{H). Thus Sh is vr* -isomorphic to A E{H). The rest of the result is 

standard, see [Ada74l 13.1]. ■ 

Proposition 5.11 The adjoint pair of the free Sh -'module functor and the forgetful 
functor 

Sh A{-): LE{H)GMQ^SH~raod: U 
is a strong symmetric monoidal Quillen equivalence. 

Proof This is easy to prove, the two points to note are: an A -equivalence 

between A E{H) -local objects is a tt^, -isomorphism and the unit map of Sh is 

an S%Q_A E{H) -equivalence. ■ 
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We now fix a cofibrant replacement of tlie suspension spectrum of G/Hj^. We call 
this cG/H+. One example is given by 5 LS°°G/i?+ , see |MM02l Chapter IV, 
Proposition 2.1]. 

Lemma 5.12 The object (cG/H^) A Sh is a G -compact, cofibrant and fibrant gener- 
ator of Sh -mod . 

Proof Every object of S'/^-mod is fibrant and since cG/H^ is a cofibrant spectrum, 
{cG/H+) A Sh is cofibrant in S'//-mod. This object is G-compact since the right 
adjoint U commutes with filtered colimits and G/H+ is a G-compact G-spectrum. 
Since G/H^ generates L^i^h)GMq-, which is Quillen equivalent to 5// -mod, it follows 
that 5// -mod is generated by (cG/ff+) A Sh- ■ 

Now we perform the analogue of Theorem 14.91 for 5"// -mod. Recall the positive model 
structure as defined on symmetric spectra (and other categories of diagram spectra), 
written Sp^, from [MMSSOTl Theorem 14.1]. The positive model structure has the 
same weak equivalences as Sp^ but the unit is no longer cofibrant. The identity 
functor is the left adjoint of a Quillen equivalence from Sp^ to Sp^ . The adjunction 
(N,N'^) below, is only a Quillen pair when we use the positive model structure on 
equivariant orthogonal spectra (GJ^=5^^), hence all the other categories below must be 
given their positive model structures. 

We must first prove that 5*^ -mod is an Sp^ -model category, we do so by constructing 
a strong symmetric monoidal Quillen adjunction with left adjoint mapping from Sp^ 
to 5// -mod. To do so we must be careful about change of universe functors since 
we need these to be both strong monoidal and compatible with the model structures. 
To solve this we pass through equivariant orthogonal spectra, also defined in |MM02] . 
Thus we have the following unwieldy series of adjoint pairs. 

The adjunction of geometric realisation and the singular complex functor (between 
simplicial sets and topological spaces) induces the Quillen equivalence below, where 
^^^(Top)^, is the category of symmetric spectra of topological spaces with the positive 
model structure. 

I - |: Spl^Sp^ (Top) +: Sing 

One can then prolong to the positive model structure on orthogonal spectra (indexed 
on the universe R°°), which we write as J^^^ , using the Quillen equivalence of 
[MMSSOll Theorem 10.4]. 

P: 5p^(Top)+^^^^°° : U 

The trivial action and fixed point adjunction ( [MM021 Chapter V, Section 3]) move us 
to G-equivariant orthogonal spectra indexed on a trivial universe. 

,*:,yyl-^G^yT: {-f 

We apply change of universe functors to move to a complete universe U , using the 
notation of |MM021 Chapter V, Proposition 3.4]. 



G.y.yi ^Gj^y 



u . 
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We can relate the above to EKMM spectra using the Quillen equivalence of |MM021 
Chapter IV, Theorem 1.1]. 

N: GJ^^^^GM^ : N# 

Then we make use of the free -module functor. 

-ASh: GM^^Sh -mod : U 

Since each of these adjoint pairs is strong symmetric monoidal it follows that S'/^-mod 
is an -model category, the enrichment is given by the following formula. Let X 
and Y be Sjy -modules, then Rgm{X,Y) = SingU(z*N#F5^(X, y))*^ is the symmetric 
spectrum object of functions from X to 1". That is, one takes the function spectrum 
of S'h -modules, applies the functor N*, moves to a trivial universe (i*), takes G-fixed 
points, moves down to symmetric spectra of topological spaces and applies the singular 
complex functor to get to Sp^ . This construction comes equipped with a natural 
isomorphism 7r*(Hom(X, y)) ^ [X,y]f^. 

Definition 5.13 Let he the set of all smash products (in the category of Sh- 
modules) of (cG/i7+) ASh , we include Sh as the zero-fold smash product. Let he 
the Sp^-enriched category on the objects of Gt^- 

The enrichment of Sh -mod over 5"^^ is defined in terms of a (series of) strong sym- 
metric monoidal adjunctions. Hence it is routine to prove that ^lop symmetric 
monoidal enriched category. With the exception of the unit, all objects of are 
cofibrant and all objects are fibrant. We replace the category of S/f -modules by the 
Quillen equivalent category of modules over S^^p, see also \GS{ Proposition 4.1]. Thus 
we have encoded S'j^-mod in terms of a symmetric spectrum-enriched category. The 
adjunction below is analogous to the functors of Theorem 14.91 

Theorem 5.14 The adjoint pair 

(-) A^-H^ ^topi mod-Sl^^Sn-Toaod: Hom (ggp, -) 

is a strong symmetric monoidal Quillen equivalence. 

Proof If cr € is not Sh, then it is cofibrant, so Hom fg, — ) preserves fibrations 
and all weak equivalences when considered as a functor from Sh -mod to Sp^ . The 
functor Hom (5'ff , — ) preserves fibrations and all weak equivalences (since every object 
of S/f-mod is fibrant), hence the above adjunction is a Quillen pair. 

Following the proof of |SS03bl Theorem 3.9.3], we prove that the unit and counit of the 
derived adjunction are weak equivalences. It suffices to do so on the generators which 
are the free modules and the elements of Gtop- The free modules Ffj = IIom(— ,0") 
are not cofibrant, however if we let c§ be a cofibrant replacement of §, the sphere 
spectrum in Sp^ , then cS A Fo- is a cofibrant replacement of -Fq- . The left derived 
functor, (— ) Gtov^ takes cS A Fa- to cS A o". Since a is either Sh or cofibrant, 

'-top ^ 

this is weakly equivalent to a. The right adjoint preserves all weak equivalences and 
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it follows that unit and counit of the derived adjunction are weak equivalences. Hence 
we have a Quillen equivalence, that this is a strong symmetric monoidal follows by the 
same arguments as for the proof of Theorem I4.9[ ■ 

Remark 5.15 In order to know that the above is a strong monoidal Quillen equivalence 
we need to know that is closed under the smash product, that every object is fibrant 
and that every non-unit object is cofibrant. In a general model category there is no 
reason to expect that the smash product of fibrant objects will be fibrant. Hence we use 
the category of Sh -modules in EKMM S -modules, where every object is fibrant. 



6 From 8^^^ to 8^ . 

We now have two enriched categories that we wish to compare: f^^^ and £^ . The 
difficulty is that the first is a category enriched over (positive) symmetric spectra, the 
second is enriched over rational chain complexes. Theorem 16.51 creates a new cate- 
gory from £top, these categories have the same set of objects: Gu>p, but f/^ is 
enriched over Ch(Q -mod) . The categories of modules mod- and mod- £^1^ are 
Quillen equivalent as symmetric monoidal model categories. Furthermore this construc- 
tion comes with an isomorphism of monoidal Ch(Q -mod) -enriched categories between 
£^ and T^*£^p. 

This theorem allows us to move from a topological setting to an algebraic setting, while 
preserving monoidal structures and also keeping control over the homology of the new 
category. In terms of |SS03b[ Example 5.1.2], see section [21 this theorem corresponds 
to the zig-zag of Quillen equivalences between mod-H^ and mod- -A. However this 
zig-zag passes through a model category without a monoidal product and so one cannot 
use it to to understand monoidal structures. Additionally, this zig-zag only exists when 
the homotopy groups of the -enriched category H^ are concentrated in degree 
zero, whereas our theorem has no such requirement. 

Theorem 16.51 is similar to |Shi07a[ Corollary 2.16], which is stated below. Recall that a 
stable model category is called rational if the set of maps in the homotopy category 
between any two objects forms a rational vector space (being stable implies that such 
sets are always abelian groups). 

Proposition 6.1 Let C be a rational stable model category, with a set Q of compact 
generators, which is Quillen equivalent to a Sp^ -enriched model category. Then there 
a is category A, which is enriched over rational chain complexes and a chain of Quillen 
equivalences between C and the category of right A-modules. The objects of A corre- 
spond to the objects in Q and there is an isomorphism of graded Q^- categories between 
the homology category H,, A and the full graded subcategory of Ho(C) with objects Q . 

We introduce the Quillen pairs and model categories from |Shi07a| that we will need 
for our construction. Note that the functor L below does not have a simple description 
so we concentrate on the remaining functors. 
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As well as Sp^ , we also use 5p^(sQ-mod) , symmetric spectra in simplicial Q-modules 
see |Hov01j . For symmetric spectra in simplicial sets suspension is given in terms of 
S^, for S'p^(sQ-mod) suspension is defined using the object QS^ , which we define 
below. We also use S'p^(Ch(Q-mod)+) , symmetric spectra in non-negatively graded 
chain complexes with suspension object Q[l], the chain complex consisting of Q in 
degree 1. More generally we have Q[n] , for n an integer, which consists of Q in degree 
n. 

The reduced free simplicial Q -module functor from simplicial sets to simplicial Q- 
modules induces strong symmetric monoidal Quillen adjunction below. Recall that 
reduced means that simplices of the form 0-x and q-* are identified with the basepoint. 

Q: Sp^^Sp^{sQ~mod): U. 

Normalisation defines a functor A^: sQ-mod Ch(Q-mod)+, in fact N is the right 
adjoint of monoidal Quillen equivalence between these two categories. The functor N is 
not strong monoidal, so does not directly induce a functor on the level of symmetric 
spectra. Take an object X of S'p^(sQ-mod) and apply N levelwise to X . There is 
an isomorphism Q[l] N{QS^), hence we have maps 

(An : Q[n] ^ N{qsY" ^ NHQSY'') 

which we use to obtain a collection of maps Q[n] ®NXm — > NXn+m ■ This information 
assembles to give an object of /S'p^(Ch(Q-mod)+) , which we call (f>*N{X). This gives 
a functor (j)*N which is the right adjoint of a symmetric monoidal Quillen equivalence. 

L: 5p^(Ch(Q-mod)+)^5p^(sQ-mod): (/>*A. 

Let Cq: Ch(Q-mod) — > Ch(Q-mod)_|_ be the functor which takes a chain complex 
X to its [—1] -connective cover. Thus CqX^i is A„ for n > 0, zero for n < and 
ker(c?: Xq — > A_i) for n = 0. For a chain complex Y let RY be the symmetric 
spectrum with {RY)n = Co{Y Qln]). This has a left adjoint D, thus we obtain the 
final adjoint pair which is a strong symmetric monoidal Quillen equivalence. 

D: 5p^(Ch(Q-mod)+)i=^Ch(Q-mod): R 

We can give an explicit definition of D taken from |Shi07aj . Let / be the skeleton of 
the category of finite sets and injections with objects n. For X G S'p^(Ch(Q-mod)+) 
define a functor Dx '■ I Ch(Q-mod) by Dx{n) = Q[—n] <8> A„. There are structure 
maps a: Q[m — n] (8> A„ — > Xm with adjoints a : A„ — > Q[n — m\(^ Xm ■ For a standard 
inclusion of a subset a: n ^ m the map Dx{ct) is IdQ[_„] 0a. For an isomorphism 
in I, the action is given by the tensor product of the action on A„ and the sign 
action on Q[-n]. The functor D: 5p^(Ch(Q-mod)+) Ch(Q-mod) is defined by 
DX = colim/ Dx ■ 

There has been some confusion over whether or not D is symmetric monoidal, see 
[ShiOTb] . We assert that D is indeed symmetric monoidal, this is based upon a detailed 
note written by Neil Strickland: |Str08| . 



20 



Now we can start constructing our new category £t . The category E^^^ is enriched over 
symmetric spectra and we have given mod-£'^^p a model structure using Sp^. Let us 
temporarily call this {m.od- £1^^) . We can also consider the category mod-f^^p with 
model structure defined via Sp^ (that is, using the stable model structure). Since the 
weak equivalences are the same in both cases and the fibrations are defined object-wise 
we have the following. 

Lemma 6.2 The identity functor from (mod-f^^p)^ to vnod-E^^ is the left adjoint 
of a Quillen equivalence. 

From here on, we only consider mod- £^ with the model structure induced from Sp^ . 
This is a much better behaved category as now the unit is cofibrant. 

Let QSf^p be the (sQ -mod) -enriched category with object set Q^^p and morphisms 
defined by {Q£l^){a,b) = Q{£l^{a,b)) . This construction is a simplification of |DS071 
Proposition A. 3b]. Since Q is symmetric monoidal, Q^^p is a symmetric monoidal en- 
riched category. We repeat this operation twice more to form D(j)* NQS^^p a symmetric 
monoidal Ch(Q -mod) -enriched category. We define f/^ as Dcj)* NQS^^p. 

Proposition 6.3 For each of the adjoint pairs (Q, U) , (L, (j)*N) and {D, R) , there is 
an induced Quillen equivalence as below. 

Q:mod-Cp ^ mod~Q£,%:U' 
L' : mod-(A*A^Qftop ^ mod- Q£t% : (/)* N 
D ■.mod-^*NQ£l^p ^ mod- Dcj)* NQE^^p : R' 

Proof The induced adjunctions are defined in |SS03al Section 3] and we give brief 
details below. Since Q and D are strong monoidal these pass to the categories of 
modules as above without change. The right adjoint 4'*N also passes directly to the 
module categories, whereas all the other functors must be changed. The right adjoints 
U' and R' are slight alterations of U and R, we demonstrate for U' . Take a Q£^^p- 
module M , then U'M{a) = U{M{a)), we must then give maps 

UM{a)A£t%{a',a)^UM{a'). 

We do so by applying the unit map £^{a',a) — > UQ£l^p{a',a) and then using the 
monoidality of U and the action map of M . The left adjoint L' is more complicated, 
since it is not strong monoidal. Take a 0*A^Qi£'4^p -module M, then L'M{a) is defined 
as the coequaliser of the following diagram (we describe the maps below). 

\lL{M{b) A c^*NQ£S,p{c, b)) A mgp{a, c)=t \/ LM{d) A mS,p{a, d) 

h,c d 

One map is induced by the action of (j)*NQ£flp on M and the other is the composite 
of the op-monoidal structure on L, the counit of {L,(p*N) and the composition map 

of Q£t%. 
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The pair (Q, f/') induce a Quillen pair between mod-S^^ and mod-QSl^. The free 
modules are a set of generators for these categories. Since for each a and b in Q^, 
£l^p{a,b) has rational homotopy groups, it follows that the unit and counit for the 
derived adjunctions are equivalences on these generators and thus (Q, U') is a Quillen 
equivalence. Since {L,(j)*N) and {D,R) are Quillen equivalences [SS03a[ Theorem 6.5], 
implies that the other two pairs Quillen equivalences. ■ 

Proposition 6.4 The Quillen equivalences (Q, U') and {D, R') are strong symmetric 
monoidal Quillen equivalences. The adjunction (L', (l)*N) is a symmetric monoidal 
Quillen equivalence. 

Proof The first statement is a routine exercise in manipulating coends. The second 
requires some more work. It is easy to see that (j)*N induces a symmetric monoidal 
functor mod-Q£'j^p mod- (p*NQ£l^p. 

We must show that r?: L'{^*NQ£^p{-, Sh)) ^ QS^pi-, Sh) is a weak equivalence and 
that for cofibrant (/>*iVQ£:4^p -modules X and the map m: L'{XaY) L'XUL'Y 
(which exists since (j)*N is monoidal) is a weak equivalence. It suffices to prove the 
second condition for the free modules of uiod- (f)* N^^E^^, since these generate the ho- 
motopy category. Thus, to prove both statements, we only need consider the behaviour 
of L' on the free modules. Let sym(Q[l]) denote the unit of 5p^(Ch(Q-mod)+) and 
sym(QS^) be the unit of 5p^(sQ-mod), these are both cofibrant. Then 

L'{<P*NQ£gp{-,a)) ^ (Qf4,(-,a)) ® Lsym(Q[l]) 

Recall the following three points: there is a natural isomorphism Fg'dFk = Fg/^k , 
weak equivalences are defined levelwise in categories of right modules and smashing 
with a cofibrant object of S'p^(sQ-mod) preserves weak equivalences (see the proof of 
[ShiOTal Corollary 3.4]). Thus all we need prove is that Lsym(Q[l]) sym(Q5i) and 
Lsym(Q[l]) Lsym(Q[l]) ^ Lsym(Q[l]) are weak equivalences. This result is part 
of |Shi07a[ Proposition 4.4], which states that the adjunction (L,(f)*N) is a monoidal 
Quillen equivalence. ■ 

By [ShiOTal Proposition 4.4, Lemma 4.8 and the proof of Theorem 1.2] the functors 
(f>*N , D and Q preserve all weak equivalences. Thus we do not need to consider derived 
functors in the following work. 

Now we give a monoidal isomorphism of categories enriched over graded Q -modules 
between iS/^ and vr^f^^p. Consider ■K^£^^p{a,b) which we define as [S,£l^{a,b)\^ , 
graded maps in the homotopy category of symmetric spectra. We can apply the functor 
Q to obtain a map as below, with the right hand side the set of graded maps in the 
homotopy category of symmetric spectra in simplicial Q-modules. 

[S,£gp{aM^ ^ nS,Q£gp{a,b)]f 

We call the right hand side of the above 7r:^Q£l^{a,b) . This is an isomorphism since 
£l^p{a, b) has rational homotopy groups. Furthermore this preserves the monoidal struc- 
tures as we now explain. Taking the smash product of symmetric spectra we obtain 
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the following maps. 



[S, £,%{a, b)]^ [S, £t%{c, d)]^ [S, £,%{a, h) A £g^{c, d)f, 

[S,£t%{aAc,bAd)]^ 

This defines the monoidal structure on 'k^£^ , one defines a monoidal structure on 



7r*Qfj^p similarly. We can apply Q to the various stages of the above and obtain a 
large commuting diagram which implies that Q: T^*£t^p — > vr^Q^'j^p is an isomorphism 
of symmetric monoidal enriched categories. We repeat this using (j)*N and D noting 
that D(f)*N<QS is weakly equivalent to Q and that for any chain complex X , X = 
[Q,X]^^ graded maps in the homotopy category of rational chain complexes. Thus 
we have obtained an isomorphism of symmetric monoidal enriched categories 'K^£t^ — > 
H^: D(p*NQ£^^p. This section is summarised in the following, see also [GS| Theorem 
4.1]. 

Theorem 6.5 Let £l^ denote the symmetric monoidal Ch.{Q -mod) -enriched category 
Dcj)* N<^£^p. There is a zig-zag of monoidal Quillen equivalences between mod-£l^p 
(enriched over Sp^) and a category mod-f"/^ (which is enriched over Ch(Q-mod) ). 
This zig-zag induces an isomorphism of monoidal graded Q^- categories: TT*{£t^p) — > 

Remark 6.6 We consider the above theorem in the case of the trivial group where our 
work reduces to that of IShiOla h Write Sq for S^^.^. Here Stop has just one object and 



mod- £top is equivalent to Sq -mod . Moving from mod- £top to mod- £t is then just 
applying the functors of \Shi07a ' to the spectrum Sq . The resulting chain complex is 



then weakly equivalent to Q, as the comparison between mod- £"4 and mod-f^ below 
will prove. 

We now have two Ch(Q -mod) -enriched categories, £l^ and £^ . While the definition 
of £l^ is somewhat complicated, we have control over its homology. 



7 Comparing S^^ and 

We show that the homology of f/^ is isomorphic, as an enriched category, to £^ in 
Theorem 17.41 Furthermore, this isomorphism respects the monoidal structures. Theo- 
rem [73] implies that £l^ and f"/^ are 'quasi-isomorphic', thus by Corollaries 17.61 and 
EH mod-f/^, mod-R^£f and mod— £^ are Quillen equivalent by strong symmetric 
monoidal adjunctions. 

This completes the main part of this paper, as we have now shown that our algebraic 
model is Quillen equivalent to the category of rational G-spectra. We leave considera- 
tion of algebras and modules over an algebra to the last section. 



We give a summary of |May96 Chapter XIX, Theorem 5.6] below, we will use this 
result in our calculations. Recall that for a G-spectrum X, 7r;^(X) = [G/H^, X]f . 
The right hand side admits an action of the Weyl group WqH = NgH/H since there 
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is a G-map G/H x WgH G/H given by {gH,nH) gnH . Hence, vrf (X)(g)Q is a 
QWc-f^-niodule. Recall the idempotent of the rational Burnside ring en from section 
[5l then we have a QWqH -module L*jj{eH)*T^^ {X) Q. For the rest of this section we 
will write en for i*jj{eH)*- 

Theorem 7.1 For G -spectra X and Y , there is an isomorphism of graded rational 
vector spaces 

[X,y]Q= HomQ(eH7rf(X)0Q,eHvrf(X)®Q)^GJ^. 



We can relate the above result to our work via the following isomorphisms. Recall 
the space E{H) which is the cofibre of the map E[< H]j^ H]+ and is ratio- 

nally equivalent to enS. We write [X, yj^ for maps in the homotopy category of 
^e{h)GMq and Jh for fibrant replacement in this model category. The G-spectra 

fnY and chY are rationally equivalent, since chY is E{H) -local, which gives us the 
third isomorphism below. 

[x,y]g- [x,yg^- [xJhY]^^ [x^chY]^ 

iH)^G iH)^G (H)^G 

If X and y are 5// -modules then vrf (X) ^ 6//^? (^) ®Q and [X,Y]^ ^ [^,y]f^, 
since every S'/f-module is Sj^Q A E (H) -local (Lemma IS.lOp . Thus, for S'//-modules 
X and y , we have an isomorphism of graded rational vector spaces 

[X,Y]f" - HomQ(7rf (y))'^«^. 

Lemma 7.2 For gH E WgH we have a map * — > G/H which sends the point to gH . 
Using the unit map of Sh , this induces a map of G -spectra gH : (cG/H+) A Sh ■ 

The assignment gH i— > gH induces an isomorphism 

QWgH ^ 7Tf{(cG/H+) A Sh). 

Proof By the proof of Lemma fS. 101 we can replace Sh by E{H) ASj^Q, so the above 
is isomorphic to 7r*(((cG/if+) A E{H) A Sj^Q)^). Let ^h be the family of proper 
subgroups of H , then we have a cofibre sequence of i7-spaces {E^h)+ — > 5*° — > E^h ■ 
Now E[^G H] is //-equivariantly weakly equivalent to S, so E{H) is ff-equivariantly 
weakly equivalent to E^h ■ Thus we have an isomorphism (in fact one can define 
as {E^H^ {-))'') 

Tr,{{cG/H+ A E{H) A 5^Q)^) ^ 7r,($^(cG/F+ A S%Q)). 

Since commutes with smash products of cofibrant objects, cofibre sequences and 
coproducts (such as those used to define Sj^Q) it follows that the above is isomorphic 
to TT,{^^{cG/H+)) 0Q. The following is standard: ^"{cG/H+) ~ S~(G/i/^) = 
'E^^WgH , the suspension spectrum of a finite set. Thus we have proven that the groups 
7r*(4>^(cG/i?+)) (g> Q, 7r*(WGi^+) <X) Q and QWgH are isomorphic. Thus the groups 
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TT^ {{cG/H^) A Sh) and QWqH are isomorphic. It follows that the map specified in 
the lemma is a particular choice of isomorphism. H 

The same method as above proves that the maps below are isomorphisms for i ^ 0. 
The second map is induced by the smash product of 5/^ -modules. 

{QWgH)^^ ^ (^f (cG/F+ A Sh)^^ - ((cG/i?+)^> A Sh). 

It follows that for every i,j ^ 0, we have an isomorphism a = aij induced by the 
smash product: 

((cG/i7+)^' A Sh) vrf ((cG/i/+)^^ A Sh) - vrf ((cG//7+)^"+^- A Sh). 

Recall the gr.(Q -mod) -enriched category v^Sf^, for a and b in Qf^p, 7T^£f^,p{a,b) = 
7r*(IIom(a, b)) . This category is symmetric monoidally isomorphic to S^^ (Theorem 
16. 5p . We also have the gr.(Q -mod) -enriched category on object set with morphism 
object defined by [a, graded maps in homotopy category of S"// -modules (these 
morphism objects are rational since Sh is fibrant in GMq). This symmetric monoidal 
enriched category, which we call HoS^^p, is isomorphic to TTi^S^p via the adjunctions 
of section [5j Furthermore, since these adjunctions are symmetric monoidal, so is this 
isomorphism. For the purposes of calculations, it is easiest to work with objects of the 
form [a,b\f" . 

Proposition 7.3 There is an isomorphism (specified in the proof below) of symmetric 
monoidal gr.{Q -mod) -enriched categories between Hof^^p and the full gr.(Q-mod)- 
enriched category on the objects vr^(a) G gv.{QWGH -mod) , for a G Gt^p. We denote 
this category by T^^^Ql^p ■ 

Proof Thus for a and b in ^^p, we have 7r^,Ql^p{a,b) = 'H.omQ{7r^ {a),Tr^ (b))^^^ . 
Note that each 7r^(a) = [5,0]^ is concentrated in degree zero. The forgetful functor 
induces a map [a,b]^" —>■ [a,b]^ , combining this with composition gives a map of 
graded QTyc^-modules [a,fe]f^ (g)Q [5,a]f ^ [S,b]^. This map has an adjoint, which 
is a map of graded Q-modules [a,b]'^" —>■ HornqdS , a]^ , [S,b]^)^'^^ . Thus we have a 
gr.(Q -mod) -enriched functor 

Trf (-) = [S, -]f : Ho£'top '^*Gu>p. 

This functor is an isomorphism of gr.(Q -mod) -enriched categories, since (as proven 
above) [X,Y]f» and HomQ(^f (X), vrf (y))^^^^ are isomorphic. We now consider the 
diagram below, where everything is concentrated in degree zero. 

[a,bf," [c,d]!" -HomQ(7rf (a),7rf (5))^^^^ HomQ(7rf (c), vrf (d))'^^^^ 



[a A5h c, b As„ df,^ HomQ(7rf (a) ®q vrf (c), vrf (6) ®q vrf (d))^^^^ 

The lower horizontal map uses the isomorphism a (constructed above) from TT^{a) ®q 
(c) to ir^{a As„ c) . This diagram commutes since for maps / and g the smash 
product of 7rf (/) and vrf (5) is {f A g) . m 
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Theorem 7.4 There is a symmetric monoidal isomorphism of gr.{Q -mod) -enriched 
categories 8^ — > H,. 8^^ . 

Proof We replace f/^ by Tr*8l^p , which is isomorphic to Ho 8^ and hence to 

The categ ory T^^Gf^p has object set given by all smash products of (cG/-ff-|_) A 5"// (here 
we mean the smash product of 5"// -modules) , with Sh as the zero fold smash product. 
Similarly, 8^ has object set given by all tensor products of QWgH with Q as the zero 
fold tensor product. Define an isomorphism on these object sets by sending ^WgH®' 
to (cG/ H^)^^ A Sh for i ^ 0. In our work above, we have specified isomorphisms 

(QWgH)^^ ^ (vrf ((cG///+) A SH)f' ^ vrf ((cG/i7+)^' A Sh). 
These maps induce an isomorphism between HomQ((QWG'//)®% {QWgH)'^^)'^^^ and 

HomQ (vrf ((cG//7+)^' A SH),7rf {{SG/ H^)'^^ A S^))'^^'' . 

Thus we have an isomorphism of gr.(fQ^mod) -enriched categories 8^ — > '^^Qfop- Each 
of these isomorphisms of gr.(Q -mod) -enriched categories is symmetric monoidal, so 
the result holds. ■ 

We now know that 8^^ is concentrated in degree zero, our next result uses this to 
provide a comparison between H* 8^^ and 8^^ . Let 8,1) be categories enriched over a 
model category, a map of enriched categories ip: 8 ^ T> is a quasi-isomorphism if 
it induces an isomorphism on the object sets and ^i^^B) 'D{'ipA,tjjB) is a weak 
equivalence for all pairs of objects A and B . 

Theorem 7.5 If 8 is a Ch(jQ -mod) -category with £" concentrated in degree zero, 
then 8 is quasi-isomorphic to 11^8 as Ch{Q -mod) -categories. An explicit zig-zag is 
constructed below. If 8 is a symmetric monoidal enriched category then the zig-zag 
consists of maps of symmetric monoidal enriched categories. 

Proof We will create a Ch(Q -mod) -enriched category Co8 and a zig-zag of quasi- 
isomorphisms: 8 <^ Co8 }io8 = 11^8. 

As in section [6l we will use a symmetric monoidal adjunction to construct Cq8 . We 
have the (—1) -connective cover functor Co, which is the right adjoint to the inclu- 
sion of Ch(Q-mod)+ into Ch(Q-mod). So for a chain complex X, (CoX)n is X„ 
for n > 0, zero for n < and is given by ker((9: Xq X-i) for n = 0. This 
adjunction is strong symmetric monoidal and furthermore the counit is a symmetric 
monoidal natural transformation. Define Cq8 to have the same set of objects as 8 and 
let {Co8){a, b) = Co(£'(a, b)) . This is a symmetric monoidal Ch(Q -mod) -enriched cat- 
egory. The counit gives a map of symmetric monoidal Ch(Q -mod) -enriched categories 
C()8 — > 8 . This follows from the commutative diagram below, where X 0Y ^ Z is a 
map in Ch(Q-mod). 

CoX ® CqY ^ Co{X ^ Y) ^ GoZ 



X0Y ^Z 
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For a chain complex of Q -modules, X, we have a map CqX HqX which sends 
Xi to zero for i > and sends {Cq{X))q = ker(5o) ^ Hq X by the quotient. We 
can consider Hq as a functor Ch(Q-mod)+ Q-mod, this has a right adjoint which 
includes Q-mod into Ch(Q-mod)+ by taking a Q-module M to the chain complex 
with M in degree zero and zeroes elsewhere. The map C^X Y{qX is induced by 
the unit of this adjunction. The functor Hq is monoidal, as is the inclusion of Q-mod 
into Ch(Q-mod)+, thus we obtain a symmetric monoidal Ch(Q -mod) -category Ho^". 
Furthermore, the map CqX ^ Hq X is induced by the unit of the adjunction which is a 
symmetric monoidal natural transformation. As above we obtain a map of symmetric 
monoidal Ch(Q -mod) -enriched categories Cq£ Hq £^ = H^,£', which is a quasi- 
isomorphism. ■ 

For a map of Ch(Q -mod) -enriched categories ip: £ ^ V there is an adjoint pair of 
extension and restriction of scalars as defined in |SS03bl Section A.l]. 

— f^£ T> : mod- £< — ^ mod- P : ip* 

The left adjoint is given in terms of a coend: 

{M®eV){a) = j M(a) ®D(-,V(a)) 

the right adjoint simply lets £ act on a P-module via V- These form a Quillen pair 
that is a Quillen equivalence if ^/^ is a quasi-isomorphism by |SS03bl Theorem A. 1.1]. 
If the map V is symmetric monoidal, then it is routine to prove that (— ®s T>,ip*) is 
a strong symmetric monoidal Quillen pair. 



Corollary 7.6 For each subgroup H , Theorem \ 7. 5| specifies a zig-zag of symmetric 
monoidal quasi-isomorphisms of Ch{Q -mod) -categories. 



O-f- < ^O^t ^* 



These quasi-isomorphisms induce a zig-zag of symmetric monoidal Quillen equivalences 
of Ch(Q -mod) -model categories. 

mod- f'f ^ mod- Co£^^ mod- £'f 

We note that the above theorem and corollary are similar to results in |Shi02l Section 
5]. Now we prove that the monoidal structures of £j^ and H^, ^"/^ are equivalent, thus 
we can complete our symmetric monoidal comparison between mod— £^ and mod— . 

Corollary 7.7 The Quillen pair of extension and restriction of scalars gives a strong 
symmetric monoidal Quillen equivalence (and an equivalence of categories) between 
£^ -mod and £^ -mod . 



8 Main Results 

Theorem 8.1 For G a finite group, there is a zig-zag of symmetric monoidal Quillen 
equivalences between the category of rational G -equivariant spectra and the algebraic 
model: UinXG^H'^^GH -mod) . 
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Proof We begin with Corollary 15.71 which splits rational G-spectra into the product 
T\{H)<G ^E{H)GJ^Q. Applying Proposition 15 . 1 1 1 to each factor of this category allows 
us to move to n(_ff)^G '^-f^ Next we use Theorem 15.141 to move to modules over 

a S";?^ -enriched category, Y[(H)i^G^'~"^^^top- We move to algebra, Y[{h)^g^'~^'^~ ^t^ ^ 
with Theorem 16. 5^ and then use Corollary 17.61 and Corollary 17.71 to get to the category 
Y[{H)^G^^^'^^ ■ Finally we use Theorem 14.91 to complete the result. ■ 

Since we have symmetric monoidal functors we can apply |SS03al Theorem 3.12] to 
each stage of the comparison to obtain the following corollaries. The unit of S'/z^niod 
is not cofibrant, but this presents no difficulty. 

Corollary 8.2 For each subgroup H , the above zig-zag induces a zig-zag of Quillen 
equivalences between the category of algebras in Sh -mod and the category of algebras 
in Ch(QVFG//-mod). 

Let i: CqE^ — > 8p and p: CqE^ H^, f/^ be the maps constructed in Corollarv 17. 6[ 
Let '0 ■ ~^ be the isomorphism constructed in Theorem 17.41 since this is an 

isomorphism we can write for the left adjoint to if)* . The composites Docj)* NoQ 

and U' o L'co R' give a derived equivalence between Ho(<?j^p-mod) and Ho(£^/^-mod) 
as stated in Theorem 16.51 Note that no cofibrant replacements (c) are needed in the 
first of these composites as we are working rationally. The functor L' is the alteration 
of L to modules over an enriched category as we have described in section [6l We will 
then need to alter L' so that it acts on categories of algebras, using the notation of 
SSOSa] we define L" = (t;,')"*"" . "We write out the derived composite functors needed 
for the next corollary. That such functors exist is perhaps of more interest than the 
explicit formulas, see also section [3l The terms Idc and Id/ are from the adjunction 
of Lemma 16. 2| where we change from the Sp^ to Sp^ . 

Definition 8.3 Let Q be the derived functor 

(-) (E}£H oi^* o (c-) ^c-o^f oi* oDoct)*N oQo Idcommigg^, -) 

from 5// -mod to <^WgH -m.od. Let H be the derived functor 

ic-) A,H^ Gg^ o Id / o U' o L"co R' o (c-) ®c,e« ° P* ° (V'"')* ° Hom(gf , -) 

from QWc^^-mod to S^-mod. 

Corollary 8.4 For each Sh -algebra A there is a zig-zag of Quillen equivalences be- 
tween j4-mod and 0^-mod. For each QWgH -algebra B there is a zig-zag of Quillen 
equivalences between B-m.od and Hi? -mod. 

Remark 8.5 We note here that we have made no statement regarding model categories 
of commutative algebras. This is because not all of the model categories that we use 
have been shown to have model categories of commutative algebras. We expect that if 
this technical problem is solved, then our result will imply that the model categories of 
commutative algebras in GMq and commutative algebras in the algebraic model are 
Quillen equivalent. 
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In particular, one would have to construct a model category of commutative algebras in 
mod-Sl^p, when we are using the model structure arising from Sp^ (see Lemma \6.^) . 
Recall that the usual model structure of commutative algebras in Sp^ is constructed 
from the positive model structure, Sp^ . 
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